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ABSTRACT 

In  this  report,  we  show  that  variational  techniques  can  be  applied  to 
solve  games  with  differential  constraints.  Conditions  for  capture  and  for 
optimality  are  derived  for  a  class  of  optimal  pursuit-evasion  problems. 
Results  are  used  to  demonstrate  that  the  well  known  "proportional  navigation 
law"  is  actually  an  optimal  intercept  strategy. 
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I.  INTRODUCTION 


The  theory  of  differential  games  was  initiated  by  Issacs  in  1954  [1]. 

It  was  later  studied  in  greater  detail  by  Fleming  and  Berkovitz  [2].  Recently, 
because  of  the  advances  in  the  computational  solution  of  variation  problems, 

•X. 

renewed  interest  has  developed  in  this  subject.  Stated  simply,  games  are  a 
class  of  two-sided  optimization  problem.  The  simplest  games  are  the  type  with 
which  we  are  most  familiar.  A  function  J  of  two  discrete  variables  u  and  v 
is  given  in  tabular  form.  Each  particular  value  of  u  or  v  is  called  a  strategy. 
The  problem  is  the  determination  of  the  strategy  for  u  and  v  such  that  J  is 
a  saddle  point  (minimax).  Because  of  the  discrete  nature  of  the  available 
strategies,  it  is  generally  not  possible  to  realize  a  minimax  with  a  simple 
choice  for  u  and  v.  Instead,  a  mixture  of  strategies  must  be  employed  to 
realize  a  minimax  on  an  average  basis.  The  us  vial  game  theory  devotes 
considerable  effort  to  the  study  of  the  properties  of  mixed  strategies.  On  the 
other  hand,  if  u  and  v  were  to  take  on  a  continuous  range  of  values,  then  a 
saddle  point  could  generally  be  realized  by  a  pair  of  pure  strategies  for  any 
reasonably  well  behaved  function  J(u,  v).  The  necessary  and  sufficient 
conditions  for  a  saddle  point  are  simply. 


J  =  0  J  =  0 
^  ^  for  all  u  ,  V 


J  >  0  J  <  0 


uu  vv 

This  is  in  direct  analogy  to  the  one  sided  optimization  problem  of  calculus. 
A  more  involved  version  of  the  game  problem  can  be  stated  as  that  of 


(1) 

(2) 


It  is  the  authors'  understanding  that  Prof.  Pontriagin  lectured  on  the  subject 
during  the  month  of  October  1964. 
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determining  a  saddle  point  for  J(x,  u,  v)  subject  to  the  restriction  that 

j/(x.  u,  v)  =  0,  In  this  case,  u  and  v  still  have  the  usual  meaning  while 

the  variable  x  is  an  intermediate  variable  indirectly  determined  by  the  constraint 

5/  =  0.  Of  course,  we  can  always  eliminate  x  using  the  constraints  and  convert 

*  - 1 

the  problem  into  a  simple  game  by  writing  J  =  J  (g  (u,v),  u,v}  where 
x=g  ^(u,v)=>^=0.  However,  it  is  usually  simpler  both  theoretically  and 
computationally  to  solve  the  problem  by  the  introduction  of  a  Lagrange 
multiplier  again  in  imitation  of  the  one-sided  calculus  problem.  From  this 
point,  it  is  a  straightforward  conceptual  generalization  to  consider  the  differential 
game  problem  of  determining  a  saddle  point  for 

T 

J  =  52({x{T),  T)  +  y  L{x,  u,  v)  dt  .  (3) 

o 

subject  to 

X  =  f  ( X ,  u,  V ,  t )  ;  x  { t^  )  =  x^  (4) 

where  x  plays  the  usual  role  of  the  state  vector,  and  u,  v  the  control  vectors. 
Extending  our  analogy  with  the  one-sided  optimizat?  ,'n  problem,  we  expect  that 
the  techniques  of  variational  calculus  should  be  useful  in  this  context.  The 
purpose  of  this  report  is  to  illustrate  that  this  is  indeed  so  by  solving  a  class 
of  optimal  pursuit-evasion  problems  and  deriving  conditions  for  optimality  and 
capture.  As  an  interesting  by-product,  we  shall  show  that  the  "proportional 
navigation"  law  used  in  many  missile  guidance  systems  actually  constitutes 
a  form  of  optimal  pursuit  strategy,  under  the  usual  simplifying  approximations 
to  the  equations  of  motion  of  the  missile  and  the  target. 
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II.  A  CLASS  OF  OPTIMAL  PURSUIT -EVAS ION  GAMES 
We  shall  consider  two  dynamic  systems 

X  =  F  X  +  G  u  (5) 

P  P  P  P 

X  =  F  X  +  G  V  (6) 

e  e  e  e 

where  the  subscript  p  and  e  stand  for  pursuer  and  evader  respectively. 

The  pursuing  system  desires  to  intercept  or  rendezvous  with  the  evading 
system  at  time  T  while  the  latter  attempts  to  do  the  opposite.  Both  systems 
have  limited  energy  sources.  Hence,  a  reasonable  criterion  would  be 

T 

J  =  i-  II  X  (T)-x  (T)||^  +  -L  r[||u||^  -  !l''ll|  (’> 

XT  V  ^  ^ 


where  A  >  0  and  R^  and  R^  >  0.  The  minus  sign  in  front  of  the  I|v||  term 

comes  about  due  to  the  fact  that  we  shall  attempt  to  maximize  J  w.  r.  t.  to  the 

variable  v  ,  Following  the  usual  variational  procedure,  we  introduce  at  this 

point  the  multiplier  functions  ^p(t)  and  \^{t)  which  are  used  to  adjoin  (5) 

and  (6)  to  (7).  Now  let  us  take  a  particular  pair  of  strategies  u(t)  and 

v(t)  with  the  associated  trajectories  x  (t)  and  x  (t)  and  consider 

P  ® 

variations  6u(t)  and  6v(t).  The  change  in  J  to  second  order  is 

6J  =  [(Xp(T)-x^(T))'^A‘-\p^(T)]5Xp(T)  +  [(x^(T)-Xp{T))'^A'^-xJ’(T)]ax^(T) 

T 

+  -l-||6Xp(T)-5x^(T)||^+  j[(Xp  +  H  )aXp  +  (X^+H^  )6x^ 


X 

+  6u  +  6  v]  dt  +  ^  y  [6u  6v] 


R  0 
T  P 


0  -  R 
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where  H  is  the  Hamiltonian 


In  order  that  (8)  vanish  to  first  order,  we  immediately  derive  the  necessary 
conditions 


p  p  p 

Xp'^(T)=  (Xp(T)-Xg{T))'^  A*^  ■ 

(9) 

e  e  e 

Xe^(T)=  (Xg(T)  -  Xp(T))'^A'^ 

(10) 

H  =  0  => 

u 

u  =  -  R 

P  P  P 

(11) 

X 

< 

II 

o 

II 

V 

-1  T 

V  =  +  Re  '  Ge" 

(12) 

Equations  (5,  6,9-12  )  represent  a  linear  two-point  boundary  value  problem 

which  can  be  solved  in  terms  of  the  fundamental  matrix  solution  of  the  ''p"  and 

"e"  system,  $  (t,  t  )  and  $  (t,  t).  We  have, 
p  e 

t)  A  (Xp(T)-x^(T)) 

(13) 

t)  A(Xg(T)-Xp{T)) 

Substituting  (13)  into  (5-6)  and  using  (11-12),  we  obtain 


x^(T)  =  $  (T,  t)x^(t)  -  M  A  (x  (T)-x^(T)) 
P  P  P  P  p 

x^(T)  =  $^(T,  M^A  (Xp(T)-x^(T)) 


(14) 
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where 


J. 

Mp{T,t)  =  Gp  gJ  $'^(T,r)dT 


J. 


Finally,  (13)  and  (14)  combine  to  yield  the  optimal  pursuit  and  evasive 
strategies 

u{t)  =  -Rp'^Gp’’  4p^(T,t)A[I+(Mp-M^)ArH*p(T,  t)Xp(t) t)x^(t)]  (17) 

v(t)  =  -R;‘G^'^4.J(T,t)A[I+{Mp-M^)A]-'[4p(T,t)Xp(t)-5^{T,t)x^(t)]  (18) 

Since  $(T,  t)x(t)  has  the  interpretation  of  the  predicted  terminal  state  of  a 
dynamic  system,  the  optimal  pursuit-evasive  strategies  are  simply  linear 
combinations  of  the  predicted  terminal  miss  —  a  very  reasonable  result. 

Examination  of  the  second-order  terms  in  (8)  shows  that  the  analogous 
Legendre- Glebs ch  condition  for  the  saddle  point  is  satisfied. 


H  =  R  >  0  ; 
uu  p  ’ 


H  =  -  R  <  0 
vv  e 


Furthermore,  the  accessory  minimax  problem  is 
"determine  a  saddle  point  for  ,p 

6J  =  i  i|5Xp(T)-6x^(T)||2  +  ^  -||6v||^  ]dt 


subject  to  6x  =  F  5x  +  G  6u  ;  6x  (0)  =  0 
P  P  P  P  P 

6x  =  F  6x  +G  5v  :  6x  (D)  =  0 
e  e  e  e  ’  e 
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By  exactly  the  same  argument  leading  to  the  derivation  of  the  conjugate  point 
conditions  for  the  one  sided  variational  problem  [3],  we  find  that 
6J>0  V  6u/0,  6v  fixed,  and  6J<0  V  6v/0,  6u  fixed,  if  and  only  if 
the  matrix  solution  X(t)  is  nonsingular  during  the  interval  (0,  T)  where 
X  (t)  obeys 


Thus,  the  nonsingularity  of  X(t)  (i.  e.,  nonexistence  of  conjugate  point)  is 
equivalent  to  the  condition 


I  +  M  A  -M 

det  P 

M  A  I-M 

e 

which  in  view  of  (17)  and  (18)  also  guarantees  the  boundedness  of  the 
strategies. 

It  is  also  interesting  to  consider  the  limiting  case  where  A  is 
positive  definite  and  infinite  (e.  g. ,  infinite  diaj^onal  matrix).  This  is  the 
situation  where  u  attempts  to  capture  v  with  minimal  energy.  Condition 
(22)  becomes 


^  =  det  [1+  (M  -  M  )  A]  /  0 

A  P  ® 
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det[I+{M  -M  )A]/0<=>det(A"^  +  (M  -M  ))  /O 

P  ®  P  ®  (23) 

<=>  det  (M  -  M  )  /  0 
P  e  ^ 

In  terms  of  the  usual  definition  of  controllability,  (23)  simply  says  that  the 

pursuer  must  be  "more  controllable"  than  the  evader  —  an  eminently  reasonable 

conclusion.  Since  both  M  and  M  >  0  if  the  individual  systems  are 

p  e  ^ 

controllable,  then  a  sufficient  condition  for  capture  is  simply  >  0. 

Furthermore,  we  have  the  following 

Proposition:  Let  and  R^  in  (7)  be  scalar,  and  the  optimal  pursuit  and 

T  T 

evasion  energy  for  A  =  oo  be  ^  jju  il'dt=Cp,  y  ||v|r  *dt  =  c^,  respectively, 

o  c 

then  a  necessary  and  sufficient  condition  for  capture  of  an  evader  with  energy 
resources  c  by  a  pursuer  with  energy  resourses  c  is  M  -M  >0.  The 
proof  of  this  proposition  is  a  direct  consequence  of  the  utility  interpretation 
of  Lagrange  multipliers  [4]. 


III.  GUIDANCE  LAW  FOR  TARGET  INTERCEPTION 

A  special  case  of  the  class  of  problems  treated  in  Section  II  can  be 
formulated  as  follows:  the  equations  of  motion  (kinematic)  in  space  for  an 
interceptor  and  a  target  are 

V  =  f  +  a 

P  P  P 

« 

r  =  V 

P  P 

V  =  T  +  "a 

e  e  e 

r  =  V 

e  e 
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where 

V  =  velocity  of  a  body  in  three  dimensions 
r  -  position  vector  of  a  body  in  three  dimensions 
f  =  external  force  per  unit  mass  exerted  on  the  body 
a  =  control  acceleration  of  a  body 

We  assume  that  the  altitutude  difference  between  the  pursuer  and  the  evader 
is  small  enough  such  that  f^  =  f^.  Kence,  if  we  are  only  interested  in  the 
difference  rp(t)  -  'r^(t)  ,  the  effect  of  the  external  forces  can  be  ignored. 
Now  consider  the  criterion 


J  =  ^(rp(T).r^(T))  (rp(T)-rg{T)) 


1 

+  4  C[c~^(a  ’a  )-c  ^(a  'a)]dt 

2  J  P  P  P  e  '  e  e'-* 


where  c  and  c  represent  the  energy  capacity  of  the  pursuer  and  the 
p  e 

evader,  respectively.  Applying  the  result  of  the  last  section,  it  can  be 
directly  verified  that  (17)  and  (18)  become  in  this  case 


^  -c  (T-t)  [r  (t)  -  (t)  +  (v  (t)  -  ( t))  (T  -t)] 

a  = - ^ 2 - E - 

P  1  3  , 

—  +  (c  -c  )  (T  -t)  /3 
a  p  e  ' 


-Cg  (T-t)[rp(t)  -^g(t)  +  (Vp(t)  -  v^(t))  (T-t)] 

—  +  (c  -  c  )  (T-.t)^/3 
a  p  e  ' 
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We  note  immediately  that  if 

(i)  if  c  >  c  (i.  e. ,  pursuer  has  more  energy  than  the  evader) 

p  e 

then  the  feedback  control  gain  is  always  of  one  sign. 

(ii)  if  Cp  <  c^  (i.  e. ,  pursuer  has  less  energy  than  the  evader) 
then  the  feedback  gain  will  change  sign  at 

4-  +  (c  -c^)  (T-t)^/3  =  0  (28) 

cL  6 


for  T  sufficiently  large. 

But  (28)  is  simply  the  conjugate  point  condition  (22)  specialized  for  this 
problem.  Hence,  for  case  (ii),  (26)  is  no  longer  optimal  for  large  T.  This 
fact  is,  of  course,  obvious  to  startwith,  particularly  in  the  case  when  a  =  oo. 


(i)  and  letting  a  =  oo  ,  the  control  strategy  for  the  pursuer  simplifies  to 


Let  the  pursuer  and  the  target  be  on  a  nominal  collision  course  with  range 
R  and  closing  velocity  =  R/(T-t).  Let  represent  the  lateral 

deviation  from  the  collision  course  as  shown  in  Fig.  1 
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Nominal  line  of  sight 


Fig.  1  Geometry  of  Proportional  Navigation. 


Then  the  lateral  control  acceleration  to  be  applied  by  the  pursuer  according 
to  (29)  is 


a  (lateral)  = 


P 


V  o- 
c 


(30) 


which  is  simply  proportional  navigation  with  the  effective  navigation  constant 
3 


K  = 
e 


.  From  experience  it  has  been  found  that  the  "best"  value 


1  - 


for  ranges  between  3  to  5  [5].  In  view  of  (30),  we  see  that  the  value  of  3 

corresponds  to  the  case  when  the  target  is  not  maneuverable  [6]  (c  =  O)  ,  while 

c 

the  value  of  5  corresponds  to  — —  =  . 
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V  S  Ara-v  Malvr^ala  Kvaaarvl  Ag«a<v 
Alta  AUXfcllfATi« 

WAT«»t«va.  Mataa<a^a«na  e2l?2 

C«raaaaa4iia^  Otla^a  f 

V  S  Am«  llaftaavra 

Ava«ar«»  «»4  D«v«;<>S«mm  LaWrat«r^a 
Fort  BaSvvsr,  V.rr<r^  22&id 
Atta.  Tv<.l*»eal&.^«eMalaCaat«r 

tj  $  Army  Cac^aaat  Ca^daby 
t«4vU.4«a<«  aad  Vappwag 
Kaa«ar>.^  aaA  AavaiCy 

Fan  B«:v^r«  V*rruk.a  22viO 

CavaauA^iag  ONkar 
U  S  Array  Eagtaavra 
9tva«arcliaa4Ovv«!09«*a*  LaWratary 
Ft«n  Balwav,  229iC 

Alta  srOirOBraMK^ 

Carataaa4tag  OUicav 
Harry  Dlara^  Labaraiafiaa 
C4ea*rt#c«rf  Avv.aa4  VarNaaa  Sc  ,  N.  » 
Vaalwagcaa.  O  C  29499 
Alt*  Mr-  ftyrtboM  Aiuaaa 

Camfluadiag  011»<«r 

Harry  Xhan^  LaWrater.aa 
CwaarcttO-t  Av«.  aai  VaaNaaa  St. .  N-  * 
VA«Mact<M«  0  C  20411 
Atta:  Labrary 

Cbial  al  Kaaaarcli  aa2  DavvIypnaaS 
KaaA«war(«r*.  Dayartmyat  <2  it*  Army 
Va«kia|^«a.  O  C  20)10 
AUa  P*ya»<al$e**ac«aOivlal«a  PbE 


CamiaaaAam 

0  S  Army  Air  0«l<aa«  S<toal 
Afta.  Mi*a«I*  S<>«ac*  X)*v  •  CbS  0*91 
P  O  Baa  9)90 
FyriSbaa,  T*aaa  7591* 

Caramaaaiac  C*s«ral 
V  S  AriayMiaatM  C««Maa*4 
)l*<!al4«>«  Ar*«aai.  Alabama  )5409 

C-Jourtaadacg  CvMral 
FraaAforO  Araraat 
PbtU^vlfbu,  Pvaaayivaala  197)9 
AtU  SMtfFA-JSlO.  Or  SkbMyXeaa 


Coaunaa4*Bg  Otfitvr 

Pi<aiiaayAr«*aal 

Oov*y,  N**  07W1 

Alta  TrcbaKal  |af«rmali9a  Braa<b 


V  S  Army  CammanO  aa2 

<>Mral  suit 


Library  Oi'^vto* 

Fori  Lravvavorib.  Kaaaaa  44027 


Stf9«ri<M«a4«»( 

V  S  Army  MtliUry  Aca4<mr 
tr*a|  P*mt.  N*»  York  10994 


KcMar^b  Piaaa  CrtL'a 
C  S  Arm*  )l«a«art>  Oi'itf 
WaA  c«H>fat»A  P*b* 

Ar^  »((oa.  Vwgm>  22204 

Dvpatt&aM  <2  <a<  Atmv 

rcy*itaS*rv^*  aad  7m.a«ai*2y  C«M«r 

Mtaaa.va*  Baa.r<**g 
w*«t*ar«^  o  C  20)15 


Comma  OcC.rr 
V  5  Array  S«<  at  Av  Ata«»‘* 

Ar..ayt*i*.  Virgia**  22212 

0:t«'tor 

AAvaacad  Baaaatca  Pa»>«vU  A4«a<  r 
Dv9ar*ia«^  H<tl>*l«aa« 

Way*ua(t^.  O  C  20)41 
Mr  CaarMa  Yval 

A««am*4  ft*a«ari.a  Pt**^!*  Ataw'y 
Dc^rtjr^ar  vf  D«2**a« 

WaatmgiMa.  O  C  20551 
H*a4t>arr*ra 

Air  K«a«arck  aa4  Oav*.99maM  CoramaaO 
Aaitrwa  A.t  fvtc*  Baaa 

br««a*a|toa.  O  C  20)51 

Air  F>rc*OM:v*-vfSc**ar*r^  »»a*ar^a 
Vaatiait-9*.  O  C  2455) 

AMa  SAPP 

A»r  F>*r<*  Syauma  Cmamaatf  tSCTHf 
Aa2r««a  A<r  Forr«  Baa* 

^aaSiaxtm..  D  C  205M 

AFCftLiCPXLt 
L  C  Kaaa^koOh  Fi«14 
B«<l«rA.  MaaaotlMavR*  017)1 
,2]  CBXL 

|l1  CUft'Or  Ho:bai*«^r*A 


5579  AMKL  iMAASU  library) 
MrigM'Patfacaoa  Air  F»7<*  Baa» 

OMv  45455 

Otr*<t«r.  Air  Cmv«ra*ty  '2j 
library 

Mav««  4  Air  r->rc*  Ba»*«  A^tajaa  54l4> 

AFM7C  7«<br^41  library 

Prirufc  Air  F<>r£*  Baa*.  fl«r»Aa  52925 


KAOC  (CHXLAL'lr 

CnLa*  A»r  F-rro*  Baa*.  N*»  York  1 5442 
Ana  Docair^cat*  Library 


0>r«<c«>r 

Nat.aaai  $*<*rify  Agvacy 
Fort  Crorg*  M*a4«.  U*rvl*md 
AtU  M4,  Dr  H  C«m9*if*« 


29755 


Naboaal  S«<«r.ly  Ag«M  y 
Pby*Kal$<t«ac«r  Oiv**ioa 
F->rt  Cvorg*  M«a2*,  MaryUMl 
ABa  Or  Alvia  M«<b)*r 


20755 


AFBL  0»UL‘ 

Kirslaail  Ati  Fore*  Bar* 
N««  M*u<o  07)19 


Syrirma  Cafia*«rui2  Crewy 
O^ty  4frr  Syatvma  Ca2U**r»af 
Oir*<t«rat«  9i  T*<bat€*l  PabUcatiea*  aad 
S9*cil*c*tMic*  (SCPOItl 
'«rr»|bi*Pa***r*«a  Air  Fo*<«  Bar* 

Obto  454)) 


Air  For<*  laatuai*  o( T*<lwaoi*rv  library 
AFtT'LlB  BtuMmy  )2«.  A.v*  8 
Vr*tbfps::<*»«MAir  ror<*  Baa* 

Ob»b  454)5 


C«r<^mart4<r 

0  S  Naval  Wcipoar  Laboratory 
Dablfrra.  Vir|tB*a  2244# 


Tb*  Waltrr  ll«*2  !sa;**«i«  of  R«a*ar<b 
rral3s#  M*r4  Army  M*4i<*l  C*oi«r 

Vaableftbs*  O  C  20012 


U.  S-  Naval  Or4Aaa4*  Laboratory 
Whit*  Oak,  S>lv«r  Sprinf 
Maryland  209)0 


l.ibi4rUa 

U  S.  Naval  Port  Cradvatr  Scbool 
Moal«r«y,  Calilorala  9)940 
Alla;  Trekflual  Report*  Sretioa 


Director  U?] 

y,  S.  Army  Electronic*  Uboratorira 
Fori  MonmoaOi,  New  Jrrrry  0“70) 
Aim;  AHSEL-KO-D^  AMSEt-KD-PE 


(Oirtnbutr 
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Commanding  C*B*ral 
U  S  Army  Electronic  a  Comma^ 
Fort  Mbnmo*»th,  New  J«i»ey  0770) 
Attn  AMSBL’W 


u.  S  Army  Electronica  Laboratorita 
Fort  Monmeulb,  ?**w  Jeraey  0770) 
Attn,  Mr.  Robert  O  Parker 
(AMSEL-RP'X* 

Eaccat>v«  Secretary,  2STAC 


U*  S  Arm)  Elecironicc  Laboratorler 
r<>rl  Monmoo’b*  Newjer*#y  0770) 

Attn.  Dr  S.  Benedict  Levin,  Director 
In.tiuie  lor  Evploiaiory  Rrararck 


V.  S  Army  Electronic*  l^*^'**®'‘** 
Fort  Monmoutk,  Sewjeraey  0770) 


Commanding  Cenrral 
I  S  Ar*r-y  Materiel  Command 
faihington,  D  C  20)15 
llln.  AMCRD‘RS*PE-E 


Commanding  General  .... 

V  5  Army  Strategic  Communication*  Corrmand 
9f**bin|ior>,  D  C  20)15 


Mr  A  D  BedroaUo 
U  S  Army  Electronic*  Laborrtorie# 
Signal  Corn*  Liaiaoa  OlfK* 

B<Mld>Bg  2b  ■  Rrr'jm  l)t 
tlaaaacbyael'r  Inatitol*  o4  Tecbnology 
Cambridge,  Maaeacbaaeli#  021)9 

Commanding  Officer 

U  5  Army  Electronp:*  RbD  AefmCy 

Fort  Hnacbwca,  AnioM  4)41) 
C«mm«ndis|  Officer 

V  S.  Army  Signal  Miaeiie  Svpport  AjencT 
WM*  Sand*  Mlaaile  Range 
Wpit*  Sanda,  New  Mev^co  49002 
Atta.  S{Crr$*MC9r 

Mr  T  S  Belio^a 

Commanding  Officer 
\J  S  Army  ElrciibMC*  RiO  Actmty 
vtite  Sa**4*  Miaail*  Range 
N*w  Mexico  41092 

»»  4  Army  Reaeartb  Office  '  Dvikam 
P.  O  Box  CM.  Oaae  »i*fiw 
DnrKam,  Ni'rlk  Carolina  27704 
Alta  Dr  H  RoW,  Depoty  Director 

Commanding  Officer 
U.  S  Army  Ree*ar<bOff>c*  -  Oyrkam 
Box  CM,  O^ke  Station 
Durkam,  Nortb  CaroiifU  27704 
Atta  CR9»A.A-IP,  Mr.  w«*a 

Or  Cbalm«r*  W  Sberwin 

Depvty  Director  lRef*97Cb  b  Tecnaology) 

viutiR  b  C 

Room  )C-‘1C49.  Tbe  Pentagon 
VrahiBgton,  0  C  29)01 

Dr  Edward  M  ReiUey 
Aaaiatant  Pirecivr  (Rrat 
Office  of  Defenae  Rea  b  Eng 
Department  of  Defenae 
Watbington,  D  C  29)91 

Dr  2ame*  A  tVard 

Olfa-.#  vf  Deputy  Diresiof 

Reicarcb  and  Information.  Rm  )D  1957 

X>epaitmenl  of  Defenit 

Tbe  Pei^Jgon 

WaaVington,  D  C  29)91 

Ckief  of  Rrararck  and  Development 
Head^viaricra,  Department  of  lb*  Army 
Wiebington,  D  C  29)01  «  .  „ 

Attn  rbya  caj  Science#  Diviai-'n  P  »  E 


MKr»wn«*  laboratory 
Sunford  Y  ra**r*iiy 
Stanford.  CaUforma  94)95 
Att»  X.>br«r»an 

Sandia  Corporation 
ORC  l425Sand)a  Baa* 

AlbuYeer^e.  New  Mexico  47115 
Attn  T«cbni<al  Library 

Sandu  Corporation 
P.O^Box  5490 
Saadia  Ba»* 

Albw^MerYii*,  New  Mexico  47115 
Ait>-  -  Tecbnica)  Library 

Librarian 

V  S.  DeparliiMnlofCoenrryTC* 

National  Boreal*  of  Standard* 

Bonier,  Colorado  40)01 

Librailan 

National  Baieaw  <M Standard* 

Room  >91.  Nortkwerf  Biildlng 
VevbmgtoA,  D  C-  202)4 

D  S.  CoaaiCwifd 
1509  E  Street  N  W. 
wa...w,;,.r..  D  C  20224 

BaMelle  Memorial  Inetitvt* 

555  King  Avemie 
ColnRiVi*.  Ob'O  4)201 
AtU  C  J  Falhenbach 

Stanford  Electronic*  Laboratory 
StanJord  Vmveyaity 
Stanford,  CsLVeni*  9«505 
Attn  DwumeM  Library 

Applied  Devtronic*  Laboratory 

Engmetting  Dm*ion 
Caae  Inatitote  of  Ttcbnology 
Cleveland,  Obio  4410b 
Attn  H  R-  Nara 

Aaaoctat*  ShitCtov 

Antenna  Laboratory 

Department  of  Electrical  Engineering 

Yn*  Ok’.-  Suta  Vntvefaity 

2024  Neil  Awrv* 

Colui*  bjia.Obio  4)2l0 
Attn  Report*  labraflan 

P«lyt*ckMC  Inatitnt*  of  Brooklyn 
Graduate  Cestcr  Labrary 
Rout*  110 

Farmingdale,  L.  1  ,  Neo  York  1)7)5 


TPe  L'nlanrairy  of  New  Mexico 
Depertmeatt  of  CUctrical  EagUeertag 
ArawY^rfue.  NewMeaico  47J04 

CarJyU  lurtan  i.abofaurl*a 
Joftna  Hopeia*  Eniveraity 
CaarJe*  and  54tk  Street 
BaUunor*.  MaryUad  21214 


Prag  A  tr  U^»— 

DepartiMM  af  Pbyatca 
I'aireraily  of  CaLfaenla 
Riveteide,  CaLfareu  92502 

MaaaacMiaetre  lavUlut*  of  TeCbaologT 
Engineer  eg  Library 

H  Room  450 

Cambridge,  Maagacboaatte  C2)59 
AO'ik  Tecb'aiCal  Rrpvrla  C-'>*v»iw» 

Ma**a..n«a*c*  inat-tu»*  of  Teckauiegr 
Reaearcr  LabwraUryM  CSeetraeuca 

DocameM  0£l.«^*,  BukWLag  24,  Roeea  421 
Cambr'di*,  Ma**acbo«ett*  62159 
ABi  Ml  Joan  Kemtt 

MeeaacWaelfe  foat'^ai*  uf  TeCkaologf 
L.uUa  LaVrraUry 
P  O  Boa.  71 

Lexvagtoo.  Maaaacbuaetta  62175 
Ans  Librar,  A'942 


Ad*/*vey  CrOi^  af  Electro*  Device* 
)44  Broadway,  »0  Floor 
New  York.  New  Ywrk  16C25 


CaarUa  C  K-  Tang 

B«U  TeJepbon*  Laboralane*  20«)4I 

Murray  H.D.  SewSeraey  6Y9Y1 

R***arc^  Material*  Uiarinali**C**ur 
Cak  ILdg*  Saitoaal  Laboratory 
P  O  Box  X 

Gab  Ridge.  7*n**»***  )74)l 

laaCitwl*  *f  Science  aad  Teckooiagy 
UWveraity  af  Micbigaa 
P  O  Box  ilft 

Asa  Arbor,  M»ckigan  44167 
A*£B  VuikUB  VsXf* 

Cra<^  Superviaar.  IRIA 

Via  OSR  RepreaenUtiv*  IMr  R.P  Ybacbar! 
Reaaarcb  Admiaiatration  Bav:4..ag 
Tk*  Ualvatalty  of  MlckJgan 
Aas  Arbor,  Mtcbtgan  44165 

Cbnag  Kmg  Vaiveraity 
Depameal  of  OeCtnea!  Eaglaeertvg 
Taisaa,  Tatwab 
RepxU.C  of  Cnta* 

AtU  Prof-  Cba**Kal*Cbo<a 

Kaad,  Esgliek  Depar*n*a( 

Cotdan  McKay  labrary  {2) 

Pierce  Kail.  Harvard  Cniveraity 
CaiBbndge,  Maaaackuartt*  62144 
AtU  Tecbaical  Report*  CnUecti«« 

EdtConal  Office  {4) 

Pierce  Nall  219,  Harvard  Volveraity 
Cambndgr,  Maaaackoeett*  02144 
AtU  TeckMcal  Report*  Reevrv* 

A»*»c  Dean  F  X  R'lllrsbrock 
Pierce  KaU  2)4,  Harvard  Dnivetrity 
Cambridge,  Ueaaacbaertt*  62144 

Prof  K.  V  P.  Xug  {4} 

491  Corden  McKay  Lab^rgSuiy 
Harvard  V«rrt*titf 
Cambridge,  Ua«*ackM*lta  02144 

Dr  Dawrl  Alperf,  Director 
CoordUeied  Sclent*  I^aboraiory 
Vmveraity  of  IDinoi* 

Urbane,  Llinoia  4)494 

prA  Z  A  KaprleUas 
Electronic*  Science*  Lakoraiary 
Vnlveraily  ol  Soulkera  California 
Lo*  Aageler.  CalifornU  99907 

Dr  Robert  Novtck,  Director 
Colombia  Radution  Laboratory 
ColomVA  Vxtv*v*lty 
5t4  w«»t  )20ib  Street 
New  York,  New  York  10027 

Prof  D  3  AngeUko# 

Acting  Director 

Elactrontc*  Rritarcb  Laboratory 
Vnlveraily  of  California 
Berkeley,  California  94729 

Prof  A  A  Douga) 

Department  of  Electrical  Eagtneerlrg 
Vniveraity  of  Yexa* 

Auetin,  Yexa*  74712 


Department  of  Elecincal  Engineering 
King’*  C<ll*f* 

Newcaatl*  upon  Tyn* 

EatUnd 

National  Aeronautic*  and  Spac*  Admlalelra*lCS 
Langley  Reaearck  Cestst 
Langley  Station 
Hampton.  Virginia  2))45 
A»n  Mra  ELcabetk  R  CiL-.,«>i,  Ubrarlao 
Mail  Stop  145 

l^ortract  Nof.fl44bf)2i  ONLY 

U  S  Atomic  Energy  Commiaaion 
Dmaioa  >f  TecKmcal  lafoemation  Exteneion 
P  O  BOX  42 

Oak  Ridge,  Tenn*****  474)1 


sopy  tv  rack  adJr#**,  onlea* 
otxarwiir  indtcatfd  b>  mimber* 

*•..  1  laed  1^  brackit* 


